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Abstract
In this paper, a developed Hartree-Fock semiclassical approximation is used to calculate the
temperature and interaction dependence of the moment of inertia of a rotating condensate Boson
gas. A fully classical and quantum mechanical treatment for the moment of inertia are given in
terms of the normalized temperature. We found that the moment of inertia is considerably affected
by the interaction. The present analysis shows that the superfluid effects in the moment of inertia
of a condensate Boson gas can be observed at temperatures T > 0.25T0 and not dramatically
smaller than T0.
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I. INTRODUCTION
One of the most remarkable characteristics of the Bose-Einstein condensate (BEC) is
its response to rotate with superfluid nature [1–4]. The superfluid nature of this system is
investigated using the moment of inertia. For a macroscopic system, the moment of inertia
is given by the rigid value unless it exhibits superfluidity. A deviation of the moment of
inertia from the rigid value represents an important manifestion of superfluidity. In this
respect, Stringari [5] drew a parallel between the rotating BEC and the superfluid systems,
and he pointed out that the rotational properties of a BEC provides a natural way to analyze
the deviations from a rigid motion due to condensation. Several studies showed that the
evidence of the superfluidity in a rotating BEC is the reduction of the moment of inertia
below the classical rigid-body value [5–10].
Mainly, the moment of inertia is calculated in terms of the effective in situ radii and the
normalized temperature. The approach of Brosens et al. [6] of the moment of inertia is
based on the in situ radial radius 〈x2 + y2〉. Their analysis focused on the difference of the
moment of inertia of a totally classical Boltzmann gas in a trap and 〈x2+ y2〉 for a Bose gas
(cf. Eq. (15)). Therefore, they missed the true superfluid effects that may only be analyzed
by calculating the moment of inertia from quantum mechanical response to rotations. In
contrast, Stringari’s work [5] is based on linear response theory. He obtained the different
contributions from the condensate and the thermal cloud to the response coefficient both
for an ideal and an interacting Bose gas. Schneider et al. [7] presented a calculation of
the fully quantum mechanical moment of inertia for a microscopic cloud (in the presence
of vortices) of non-interacting atoms in a cylindrically symmetrical trap. However, an ideal
BEC of (non-interacting bosons) is not a true superfluid, because the Landau criterion for
superfluidity is not obeyed [11]. Superfluidity, the formation of the vortex lattice, is a direct
effect of inter-particle interactions, that would not occur in the ideal BEC case.
In this work, having clarified that the moment of inertia can be derived in terms of the
effective in situ radii, we discuss how quantitative results can be obtained in the presence of
interatomic interactions. The temperature-dependent for the in situ radii is calculated within
the mean field Hartree-Fock approximation [12–14]. This approach can be summarized as
follow: a conventional method of statistical quantum mechanics is used to calculate the
temperature dependency in situ radii. The parametrized formula for the in situ radii are
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used in calculating the moment of inertia. The obtained results showed that the above
mentioned quantities have a special temperature behavior [15].
The paper is planned as follows: section two includes the basic formalism for calculating
the effective in situ radii. Interaction and temperature dependency of the moment of inertia
are given in section three. Conclusion is given in the last section.
II. IN SITU RADII OF INTERACTING BOSE GAS
The ideal Bose-Einstein condensation phenomenon is most conveniently described in the
grand-canonical ensemble. For an ideal Bose gas, the average number of particles, ni, in a
single particle state |i〉 with energy ǫi is given by the familiar Bose-Einstein distribution,
ni =
ze−βǫi
1− ze−βǫi (1)
where β = 1/(kBT ), z = e
βµ is the effective fugacity, and µ is the chemical potential,
determined by the conservation of total number of particles
N =
∞∑
i=0
ni =
∞∑
i=0
∞∑
j=1
z
je−jβǫi (2)
The degeneracy factors are avoided by accounting for degenerate states individually. Once
z has been determined, all thermodynamically relevant quantities can be calculated from
partial derivatives of the grand potential q, the logarithm of the grand canonical partition
function, such as the in situ radii, the condensate fraction, etc.
The effective in situ radius of trapped ideal boson gas was obtained by considering the
statistical quantum mechanics arguments [15, 16]. For a trapped boson in spherically sym-
metric harmonic potential, V (r) = mω2r2/2, the effective in situ radius of a single particle
state |i〉 is given by its expectation value in this stat,i.e.
〈r2i 〉 =
ǫi
mω2
(3)
with ǫi = ~ω(i+
3
2
) is the eigenvalue of the potential V (r). The effective in situ radius of N
atoms is found by gathering Eqs.(2) and (3)
N〈r2i 〉 =
1
mω2
∞∑
i=0
ǫi
∞∑
j=1
z
je−jβǫi
= − 1
mω2
∂
∂β
∞∑
i=0
∞∑
j=1
z
j
j
e−jβǫi (4)
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and can be expressed in terms of the thermodynamic potential q,
q = −
∞∑
i=0
ln(1− ze−βǫi) =
∞∑
i=0
∞∑
j=1
z
j
j
e−jβǫi (5)
the relation ln(1− y) = −∑∞j=1 yjj is used here. Thus the effective in situ radius is given by
〈r2〉 = − 1
mω2
∂q
∂β
(6)
For a cylindrically symmetric trap with ωx = ωy = ω⊥, the temperature dependence of
the three effective in situ is the same as in a spherically symmetric trap discussed above.
Assuming an axial trap frequency ωz = λω⊥.
N〈x2〉 = −1
3
λ1/3
1
mω2x
∂q
∂β
N〈y2〉 = −1
3
λ1/3
1
mω2y
∂q
∂β
N〈z2〉 = −1
3
λ−2/3
1
mω2z
∂q
∂β
(7)
where λ is the trap deformation parameter. Generalization to highly anisotropic trap (which
is mainly used for rotating condensate) is straightforward. Assuming that the trap defor-
mation parameters for highly anisotropic trap are given by
λx =
ωz
ωx
, λy =
ωz
ωy
the three effective in situ radii are given by [15, 17],
N〈x2〉 = −1
3
(λ2x
λy
)1/3 1
mω2x
∂q
∂β
N〈y2〉 = −1
3
(λ2y
λx
)1/3 1
mω2y
∂q
∂β
N〈z2〉 = −1
3
( 1
λxλy
)1/3 1
mω2z
∂q
∂β
(8)
However, once the thermodynamic potential q has been determined, the effective in situ
radius can be calculated. our approach is expected to provide correctly the interaction
dependence of q potential, apart from the critical behavior near the BEC transition temper-
ature where the mean-field approach is known to fail.
Generally, the simplest way to include the interaction effect is to use the Hartree-Fock
approximation. Within this approximation, the thermal component is treated as a gas of
4
non-interacting atoms moving in a self-consistently determined mean-field potential given
by
Veff(x, y, z) = Vtrap(x, y, z) + 2g[nth(x, y, z) + n0(x, y, z)], (9)
where g = 4π~
2a
m
is the interaction strength and
Vtrap(x, y, z) =
1
2
m[ω2xx
2 + ω2yy
2 + ω2zz
2], (10)
with {ωx, ωy, ωz} are the effective trapping frequencies. The densities of the thermal and
condensate component are given as a solution of the two coupled equations: the thermal
atoms satisfies Schro¨dinger equation
[p2x + p2y + p2z
2m
+ Veff (x, y, z)
]
ψi(x, y, z) = ǫiψi(x, y, z) (11)
while the condensate part satisfies the time independent Gross-Pitaevskii equation
[p2x + p2y + p2z
2m
+ Veff (x, y, z)− gn0(x, y, z)
]
φ(x, y, z) = µφ(x, y, z), (12)
Equations (11) and (12) along with the constraint that the total number of atoms N is fixed,
N =
∫
nth(x, y, z)dxdydz +
∫
n0(x, y, z)dxdydz (13)
form a closed set of equations which should be solved self-consistently. Two further simpli-
fications can be made as a consequence of the relative diluteness of the thermal component
compared to the condensate [18]:
(i) at very low temperature the effect of thermal atoms on the condensate can be neglected.
Therefore, setting nth(x, y, z) ≈ 0 in Eq.(12) and applying the Thomas-Fermi (TF) approx-
imation gives the usual TF profile for the condensate
n0(x, y, z) =
µ− Vtrap(x, y, z)
g
(14)
For all µ > Vtrap(x, y, z) and n0(x, y, z) = 0 elsewhere. Substituting from Eq.(10) in Eq.(14)
leads to,
n0(x, y, z) =
µ
g
[
1− x
2
R2x(µ)
− y
2
R2y(µ)
− z
2
R2z(µ)
]
(15)
where Rα(µ) =
√
2µ
mω2α
is the Thomas-Fermi radius at which the condensate density drops
to zero along the x, y or z axis. The result in Eq.(15) can be expressed in terms of the
condensate number of atoms through the relation between µ and N0,
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N0 =
∫
n0(x, y, z)dxdydz
=
8π
15
µ
g
(RxRyRz) =
8π
15
µ
g
R¯3 (16)
R¯ representing the geometric mean (RxRyRz)
1/3. Equation (16) can be inverted to give µ
in terms of N0 such that,
µ =
1
2
~ωg
(15N0a
ahar
)2/5
(17)
where a is the s-wave scattering length, ahar =
√
~/mωg and ωg = (ωxωyωz)
1/3.
(ii) further, within the same approximation, the mean-field energy, 2gnth(x, y, z) due to the
thermal component itself can be neglected, so that the effective potential experienced by the
thermal atoms is then given by
Veff(x, y, z) = Vtrap(x, y, z) + 2gn0(x, y, z),
= |Vtrap(x, y, z)− µ0|+ µ0 (18)
where the mean-field chemical potential µ0 is given by Eq.(17) and T → 0 limit is indicated.
Eq.(18) shows that the condensate density is drastically altered from the ideal case, reflecting
that the shape of the confining potential has a three-dimensional ‘Mexican-hat’ shape [19].
Moreover, µ0 is the relevant energy scale parametrizing the effects of interactions, up to the
point in the trap where µ0 = Vtrap(x, y, z).
Now, it is straightforward to calculate the thermodynamic potential q for the interacting
Bose gas [13, 20]. However, for large number of particles in the system, Eq.(5) provides
a complicated sum over i. It is hard to evaluate this sum analytically in a closed form.
Another possible way to do this analysis, is to use the semiclassical approximation in which
the sum in Eq.(5) is converted into a phase space integral [13, 20],
q = q0 +
1
(2π~)3
∞∑
j=1
z
j
j
∫
e−jβ[
p2x+p
2
y+p
2
z
2m
+Veff (x,y,z)]dpxdpydpzdxdydz
= q0 +
1
λ3th
∞∑
j=1
z
j
j5/2
∫
e−jβVeff (x,y,z)dxdydz (19)
where q0 = − ln(1−z) is the thermodynamic potential accounted for the atoms in the ground
state and λth =
√
2π~2
mkBT
is the thermal de Broglie wavelength. The second term in Eq.(19)
provides the thermodynamic potential for the thermal atoms.
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In order to calculate the above integral (19), we followed the Hadzibabic and co-worker
[18, 21] approach’s and consider the same approximation. For relatively high temperature,
(compared with µ0/kB) the majority of thermal atoms lie outside the condensate in the
region where Veff(x, y, z) > µ0 and Veff (x, y, z) = Vtrap(x, y, z). Therefore, it is reasonable
to approximate the full effective potential as the bare trapping potential and consider only
the region outside the condensate. This does not mean that the effect of interactions may
be neglected as the chemical potential has a value that differs substantially from the ideal
value. Therefore Eq.(19) becomes
q = q0 +
1
λ3th
∞∑
j=1
1
j5/2
∫
e−jβ[Vtrap(x,y,z)−µ0]dxdydz (20)
Note that in deriving this equation we used zj = ejβµ0 . Substituting the harmonic form of
Vtrap(x, y, z) into Eq.(20) gives
q = q0 +
1
λ3th
∞∑
j=1
1
j5/2
∫
e−jβ[
1
2
m(ω2xx
2+ω2yy
2+ω2zz
2)−µ0] (21)
Introducing the thermal radius, which fixed the maximum value of the chemical potential
compared to kBT ,
R′α(T ) =
√
2
βmω2α
(22)
these radius is equivalent to the condensate Thomas-Fermi radius at which the thermal
density drops to zero along T → 0. In terms of R′α(T ) Eq.(21) becomes,
q = q0 +
1
λ3th
∞∑
j=1
1
j5/2
∫
e
−j
(
x2
R′x
2+
y2
R′y
2+
z2
R′z
2−α0
)
dxdydz
= q0 + 4π
R′xR
′
yR
′
z
λ3th
∞∑
j=1
1
j5/2
∫ ∞
√
α0
R2e−j(R
2−α0)dR (23)
where the factor 4π is due to the integration over the angles and
α0 = µ0β, R
2 =
x2
R′x
2 +
y2
R′y
2 +
z2
R′z
2 , (24)
it is sensible to introduce the variable Q, where
Q2 = R2 − α0 (25)
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to rewrite (23) as
q = q0 + 4π
R′xR
′
yR
′
z
λ3th
∞∑
j=1
1
j5/2
∫ ∞
0
Q2
(
1 +
α0
Q2
) 1
2
e−j
Q2
2 dQ
= q0 + 4π
R′xR
′
yR
′
z
λ3th
∞∑
j=1
1
j5/2
∫ ∞
0
(Q2 +
α0
2
)e−jQ
2
dQ
(26)
where the binomial expansion has been evaluated to first order in α0 . Evaluating the
Gaussian integral in (26) and used ζ(s) =
∑∞
j=1
1
js
leads to
q = q0 + 4π
R′xR
′
yR
′
z
λ3th
∞∑
j=1
1
j5/2
(√π/4
j3/2
+
√
π/4
j1/2
α0
)
= q0 +
( 1
β~ωg
)3[
ζ(4) + βµ0ζ(3)
]
(27)
where ωg = (ωxωyωz)
1/3 for highly anisotropic trap. Expressions for other trap type (cylin-
drically or spherically) can be extracted from Eq.(16) by setting the trap frequencies. Direct
comparison between this results and the q potential for the ideal system [22],
qid = qid0 +
( 1
β~ωg
)3
g4(z) (28)
shows that the first and the second terms in Eq.(27) are in comparable with the result of
the ideal system at T < T0 with T0 =
~ωg
kB
(
N
ζ(3)
)1/3
is the BEC transition temperature for
the non-interacting gas and ζ is the Riemann zeta function and gν(z) =
∑∞
k=1 z
k/kν is the
usual Bose function. The last term in Eq.(27) accounted well for the interaction effect.
This effect can be seen more clearly by using Stringari et al. [12, 23] interaction scaling
parameter η. This parameter is determined by the ratio between the chemical potential at
T = 0 value calculated in Thomas-Fermi approximation, µ0 and the transition temperature
for the non-interacting particles in the same trap, i.e. η = µ0
KBT0
(the typical values for η for
most experiments ranges from 0.30 to 0.40.).
Finally, we reach to the main results of our work. The interaction dependence for the in
situ radius for the spherically symmetric trap can be obtained by substituting from Eq.(27),
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after setting ωx = ωy = ωz = ω, into Eq.(4), i.e.
N〈r2i 〉 = −
1
mω2
∂q
∂β
= − 1
mω2
∂
∂β
[− ln(1− z) + ( 1
β~ω
)3
[ζ(4) + βµ0ζ(3)]
]
= − 1
mω2
[ −1
1− z
∂z
∂β
−
( 1
~ω
)3
[3
ζ(4)
β4
+ 2µ0
ζ(3)
β3
]
]
=
µ0
mω2
N0(T ) + 3
(kBT
mω2
)
[ζ(4) +
2
3
µ0
kBT
ζ(3)]
(kBT
~ω
)3
=
µ0
mω2
N0(T ) + 3
(kBT
mω2
)[ ζ(4)
g3(z)
+
2
3
µ0
kBT
ζ(3)
g3(z)
]
(N −N0(T )) (29)
where q0 = − ln(1− z), z = eβµ and N0(T ) = z1−z are used here.
The generalization of the above treatment to a trap with three different frequencies,
(ωx, ωy and ωz ) is straightforward. Substituting from Eq.(27) into Eq.(8) leads to,
N〈x2〉 = (λ2x
λy
)1/3( kBT
3mω2x
){ µ0
kBT
N0(T ) +
[
3
ζ(4)
g3(z)
+ 2
µ0
kBT
ζ(3)
g3(z)
]
(N −N0(T ))
}
(30)
and analogously for 〈y2〉 and 〈z2〉. The first term of 〈x2〉 in the curly brackets give the contri-
bution arising from the particles in the condensate, while the second one is the contribution
from the non condensed atoms. Both of them are scaled as 1
ω2x
. Unlike the non-interacting
system for which the contribution arising from the non-interacting particles in the conden-
sate is scaled as 1
ωx
.
Result in Eq.(30) is a complementary to the Stringari [5] result for non-interacting system.
In fact, this result constitute the main result which enables us to immediately calculate the
interaction and temperature dependence for the moment of inertia.
III. MOMENT OF INERTIA
Fast rotating condensate is expected to exhibit superfluid properties at critical rotation
velocity Ωc [24]. For Ω < Ωc, following Dalvofo et al. [12], the moment of inertia Θ,
relative to the z-axis, can be defined as the linear response of the system to a rotational
field Hext = −ΩLz , according to the formula
〈Lz〉 = ΩΘ (31)
where the average here is taken on the state perturbed by Hext. For a rigid body rotation,
the moment of inertia takes the value
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Θrig = mN〈x2 + y2〉
= m[〈y2 + x2〉0N0(T ) + 〈y2 + x2〉nc(N −N0(T ))] (32)
where
〈y2 + x2〉0 =
(kBT
3m
)
η
(
1− T 3) 25T −1 [(λ2x
λy
)1/3 1
ω2x
+
(λ2y
λx
)1/3 1
ω2y
]
〈y2 + x2〉nc =
(kBT
3m
)
{3ζ(4)
ζ(3)
+ 2η
(
1− T 3) 25T −1}[(λ2x
λy
)1/3 1
ω2x
+
(λ2y
λx
)1/3 1
ω2y
] (33)
where the relation µ0
kBT
= η
(
1 − T 3) 25T −1 is used here, with T = T
T0
is the normalized
temperature and η is the Stringari interaction scaling parameter [12, 23]. Note that in (33)
the appearance of ωg/ωx and ωg/ωy is due to the trap deformation effect. At low temperature,
the presence of a condensate pushes the thermal non-condensed cloud out, consequently
increasing the effective in situ size of the thermal component. At high temperatures (T > 1),
the effect of the repulsive interaction becomes negligible as the density of the Bose gas
decreases dramatically with increasing temperatures.
While for Ω > Ωc, the moment of inertia of the condensate is determined from the
quantum-mechanical arguments, in this case Θ is given by,
Θ =
2
Z
∑
i,j
|〈j|Lz|i〉|2
Ei − Ej e
−βEj (34)
where 〈j| and |i〉 are eigenstates of the unperturbed Hamiltonian, Ej and Ei are the cor-
responding eigenvalues and Z is the partition function. The Hamiltonian describing the
interacting atomic gas in the potential (9) is given by[25]
H =
p2x + p
2
y + p
2
z
2m
+ Veff(x, y, z)− ΩL, (35)
where Lz is the angular momentum Lz = xpy − ypx. the moment of inertia is explicitly
evaluated by solving the equation
[H,X ] = Lz
for the operator X , which according to (34), determines the moment of inertia through the
relation Θ =< [Lz, X ] >. The explicit form of the operator X is found to be [26]
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X = − i
~(ω2x − ω2y)
∑
i
[(ω2x − ω2y)xiyi +
2
m
pxi p
y
i ] (36)
using the identity < p2x >= m
2ω2x < x
2 > and < p2y >= m
2ω2y < y
2 >, the moment of inertia
takes the form
Θ =
mN
(ω2x − ω2y)
[
(〈y2〉 − 〈x2〉)(ω2x + ω2y)− 2(ω2y〈y2〉 − ω2x〈x2〉)
]
= m[ǫ20〈y2 + x2〉0N0(T ) + 〈y2 + x2〉nc(N −N0(T ))] (37)
Where
ǫ0 =
〈x2 − y2〉0
〈x2 + y2〉0 ≡
ωy − ωx
ωy + ωx
(38)
the indices 〈〉0 and 〈〉nc in Eq.(37) mean the average taken over the densities of the Bose
condensed and noncondensed components in situ, respectively. The quantity ǫ0 is the de-
formation parameter of the condensate.
The above results for the moment of inertia, Eq.(32) and Eq.(37) were derived at non-
zero temperature and for interacting system. Therefore, it is important to investigate the
dependence of the moment of inertia on these two parameters. This dependency can be
achived by considering the deviation of the moment of inertia from its rigid-body value, i.e.
Θ
Θrig
=
ǫ20〈y2 + x2〉0N0(T ) + 〈y2 + x2〉nc(N −N0(T ))
〈y2 + x2〉0N0(T ) + 〈y2 + x2〉nc(N −N0(T ))
=
ǫ20 η
(
1− T 3) 25T −1N0(T ) +N{3 ζ(4)ζ(3) + 2η(1− T 3) 25T −1}T 3
η
(
1− T 3) 25T −1N0(T ) +N{3 ζ(4)ζ(3) + 2η(1− T 3) 25T −1}T 3
=
ǫ20 η
(
1− T 3) 25 [1− T 3] + 2η(1− T 3) 25T 3 + 3 ζ(4)
ζ(3)
T 4
η
(
1− T 3) 25 [1− T 3] + 2η(1− T 3) 25T 3 + 3 ζ(4)
ζ(3)
T 4
(39)
Result (39) explicitly shows that at temperature greater than BEC transition temperature,
where N0/N = 0, Θ = Θrig. While at T = 0, it reduces to Θ = ǫ
2
0Θrig.
In Fig.(1), Θ
Θrig
is represented graphically as a function of T and η for ǫ0 = 0.031. The
trap parameters of Ref. [27] are used. This figure shows that Θ
Θrig
has a monotonically
increasing nature due to the increase of the normalized temperature. This increase is minor
in the small temperature range and is rapid in the intermediate temperature range.
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FIG. 1: Moment of inertia Θ divided by its rigid value Θrig, as a function of T and η for ǫ0 = −0.032.
The trap parameters of Ref. [27] are used.
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FIG. 2: Moment of inertia Θ divided by its rigid value Θrig, as a function of the normalized
temperature T and the condensate deformation ǫ0 for η = 0.2, 0.4. and 0.6 from the bottom to
top respectively.
Fig.(2) draws Θ
Θrig
as a function of T and ǫ0 for different interaction parameter η. This
figure shows that, Θ
Θrig
has a monotonically increasing nature due to the increase of the
normalized temperature. Moreover, the effect of interaction parameter is clear.
Fig(3) is devoted to illustrate dependence of Θ
Θrig
on the interaction parameter η and
the condensate deformation parameter ǫ0 for different normalized temperature. This figure
shows that the dependence of the Θ
Θrig
on η and ǫ0 is considerably depended on the normalized
temperature.
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FIG. 3: Moment of inertia Θ divided by its rigid value Θrig, as a function of the condensate
deformation parameter ǫ0, interaction parameter η for normalized temperature τ = 0.4, 0.6 and 0.8
from the bottom to top respectively.
IV. CONCLUSION
In conclusion, we have shown that the moment of inertia of a gas trapped by a har-
monic potential can be explicitly calculated in terms of the in situ radii and temperature
dependence for both the condensate and thermal atoms. Interaction affected the value of
the moment of inertia by changing its temperature dependence. An interesting feature is
noticed that the moment of inertia Θ divided by its rigid value Θrig has a monotonically
rapid increasing nature with the normalized temperature for 0.25 < τ < 0.9. The present
analysis recommended Stingari first important conclusion for non-interaction system which
is the superfluid effects in the moment of inertia of a harmonically trapped Bose gas should
be observable at temperatures not dramatically smaller than the transition temperature
for BEC. Our method can be extended to investigate the moment of inertia for system of
rotating boson in a combined optical-magnetic trap.
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